We have simulated and analyzed the susceptibility of a series of two-dimensional S=1/2 rectangular Heisenberg antiferromagnetic (as well as mixed exchange antiferromagnetic/ferromagnetic) lattices as a function of J, J ′ and temperature, where J is the dominant magnetic exchange interaction and J ′ , the orthogonal interaction, is related to J by J ′ = α J, where α can vary from 0 to 1.
An S = 1/2 quantum Heisenberg antiferromagnetic (QHAF) rectangular lattice may be characterized by a lattice of spin-1/2 particles which interact with each other via two orthogonal exchange pathways. One pathway is mediated by a magnetic exchange strength J while for the other pathway, strength J ′ . J is the dominant exchange and α, the aspect ratio, relates J and J ′ by J ′ = αJ, where α ranges from 0 ≤ α ≤ 1. The onedimensional (1D) antiferromagnetic (AF) chain and the two-dimensional (2D) antiferromagnetic square magnetic lattice correspond to α = 0 and 1, respectively. The Hamiltonian for such systems may be written
where S i+x ( S i+x ′ ) denotes a spin located adjacently to a spin S i in the direction of J (J ′ ). A negative J value indicates a ferromagnetic interaction as aligned spins would correspond to a lower energy state.
Theoretical interest in rectangular magnets can be traced back to the Haldane conjecture over 25 years ago. 1 Haldane showed that isolated integer-spin chains have a gap in their excitation spectrum at T=0 and thus do not exhibit long range order (LRO). Since then it has been shown that a finite coupling (α ∼ 10 −3 ) between integer spin chains will lead to LRO through Schwinger-Boson techniques 2 and through spin-wave theory. 3 The same question has been asked of half-integer spin chains, most notably the S=1/2 spin chain. Does Néel order set in for infinitesimal intrachain coupling or is there a finite α c where the order-disorder tranisition takes place? Some mean field theories 2, 3 indicate that a spin-1/2 chain will order at any infinitesimal coupling while spin-wave expansions and Lanczos techniques 4, 5 have indicated that α c < 0.1.
Several compounds that display structural characteristics of a 2D rectangle have been studied; pyrazineformatocopper(II) nitrate [Cu(pz) ( 8 , where 2-apm=2-aminopyrimidine and pz = pyrazine. However, at the time of these original publications, there were no 2D rectangular QHAF models that related any of the measurable bulk properties of the system to J or J ′ . Instead, the susceptibilities of these compounds were fit to the model susceptibility of a 1D chain with a mean field correction or not at all. Since the 1D chain and a 2D QHAF produce similarly-shaped susceptibility curves, a reasonable fit was achieved with skewed parameters, most notably J and α.
The susceptibility of a 2D QHAF has not been solved analytically for any α greater than 0. However, there has been a great deal of study on the 2D square QHAF through monte carlo simulation techniques for both the isotropic 9,10 and anisotropic cases 11, 12 . The susceptibilities of a family of 2D rectangular QHAF have been simulated and shown to successfully model data 13 with the help of the ALPS software 14 . We have expounded on this work by simulating the susceptibility curves of these systems for several different α values with a finer resolution and reformulating the curves into a fit function for general α. We endeavor to show that the aforementioned compounds can be modeled as 2D QHAF's above their respective Néel ordering temperatures with exchange energies that are consistent with other compounds belonging to the same family.
We Each compound was prepared according to the respective syntheses given in the original papers [6] [7] [8] 15 . IR(infrared spectroscopy) spectra were recorded on a PE Paragon 500 spectrophotometer while powder XRD(xray diffraction) data were collected on a Bruker AXS D8 Focus X-ray diffractometer at angles of 5
• up to 54.5
• at room temperature. The purity of each compound was confirmed by comparing the XRD data to the published structures. IR spectra are consistent with this result.
B. Magnetic Measurements
Magnetic data were collected using a Quantum Design MPMS-XL SQUID magnetometer. Crystals were powdered and packed into a #3 gelatin capsule. The magnetization of the sample as a function of field was collected from 0 to 5 T at 1.8 K. Susceptibility data were taken over the temperature range from 1.8 to 300 K in an applied field of 1000 Oersteds.
High pulsed field magnetization data were taken for Cu(pz)Cl 2 at the National High Magnetic Field Lab (NHMFL) at Los Alamos National Labs (LANL) using a 65 Tesla short pulse magnet at temperatures between 0.4 and 4.0 K.
High field magnetization data was taken for Cu(pz)(N 3 ) 2 at the NHMFL at Florida using a 35 Tesla Bitter magnet at a temperature of 1.3 K.
C. Simulations
Simulated reduced magnetic susceptibility (χ * = χJ/C) data for a series of antiferromagnetic rectangular magnetic lattices were generated as a function of reduced temperature T /J by means of quantum monte carlo simulations using the SSE looper code application of the ALPS libraries.
14 Simulations of the susceptibility for α = 0.5 employed square lattices with L 2 number of spins, where L = 8, 16, 32, 64 were studied (Fig. 1) . For the L = 8 and L = 16 lattices, the susceptibility approaches 0 at low temperature, indicative of a gap. This can not be correct in the gapless rectangular model; there must be too few spins to capture the properties of a 2D system. Small deviations in the L = 32 and L = 64 susceptibilities at T /J = 0.02 suggests that 4096 spins is sufficient to simulating the rectangular system, at least above T /J = 0.02 which is sufficiently low enough to compare to real systems within the limit of experimental temperatures. Simulations on L > 64 lattices take a prohibitively long time on our processors. Data were generated for temperatures in the range 0.01 − 2 T /J in increments of 0.01 T /J, 2 − 10 T /J in increments of 0.25 T /J, and 10 − 25 T /J in increments of T /J for α 0 to 1 in 0.05 increments. The simulated susceptibility in the limiting case of α = 0 reaches a maximum value of χ max J/C = 0.587644 ±.000001 at T max /J = 0.64 ± .02, where C is the Curie constant. This is consistent with the previously calculated value 16 of χ max J/C ∼ 0.58770511(6) at T max /J = .6408510(4) for the 1D antiferromagnetic chain. We can also fit the simulated curves to the known susceptibilities in the 1D and 2D square case as a further check of accuracy. Figure 2 shows the simulated 1D chain and 2D square susceptibilities. The susceptibility for the 2D square is consistent with previously reported simulated data 9,10 as it uses the same methods. The known 1D
17
and 2D 18 susceptibilities are fits to the simulated curves with errors less than 1 part in 10 5 in each case. It is possible that α can take on negative values. In this case the rectangular magnetic lattice is said to be mixed exchange; If J is antiferromagnetic, then J ′ is ferromagnetic (FM). This will be referred to as an AF/fm lattice, the stronger exchange is capitalized. In this regime, the 1D antiferromagnetic chain and the isotropically mixed exchange AF/FM lattice correspond to α = 0 and -1, respectively. If J is ferromagnetic and J ′ is antiferromagnetic then the lattice is labeled FM/af. In this alternate regime, the 1D ferromagnetic chain and the isotropically mixed exchange FM/AF magnetic lattice correspond to α = 0 and -1, respectively. Note that the isotropically mixed exchange AF/FM and FM/AF lattices are equivalent. Simulations for the AF/fm lattices and the FM/af lattices were also run with identical parameters to those mentioned for the antiferromagnetic lattices.
III. RESULTS AND DISCUSSION

A. Simulations
The susceptibilities as a function of reduced temperature for the AF/af lattices (Fig. 3) at different alpha values show rounded maxima before descending to finite values at low temperature, as expected for gapless systems. The temperatures at which these maxima occur increase systematically as alpha increases while the heights of the maxima decrease. The T=0 values that each curve approaches decreases as alpha increases.
The susceptibilities as a function of reduced temperature for AF/fm lattices (Fig. 4 ) also show rounded maxima before converging to finite values at low temperature. The temperature of these maxima as well as the values of the maxima increases systematically as alpha increases due to the introduction of increasingly strong ferromagnetic interactions. At low temperatures the curves cross each other and head towards finite susceptibilities with no clear pattern in values of α. The low temperature finite susceptibility values as well as the values for the maximum susceptibility are greater than in the AF/af case ( Fig. 5) for the same values of |α|.
The susceptibilities as a function of reduced temperature for FM/af lattices (Fig. 6) show rounded maxima before approaching finite values at low temperatures. The topmost curve, the isolated ferromagnetic chain which diverges at low temperature, is added for comparison. The temperature of these maxima as well as the value of the maximum susceptilities decrease in magnitude as alpha increases. The susceptibilities are suppressed overall as alpha increases for any given temperature.
It is easy to characterize a FM/af compound because one can find two unique and characteristic maxima from bulk magnetic properties. Since the temperature of the maximum χ value, T max (χ), and the temperature of the maximum χT value, T max (χT ), are not proportional to each other we can use the ratio of the two maxima to determine the relative exchange strengths of the two exchanges. Plotting the unitless ratio
Tmax(χT ) vs α reveals linear behavior over the whole range of α > 0 described by the equation are decreased, the value of the maximum susceptibility decreases. However, increasing the interaction strength in any way (antiferromagnetic or ferromagnetic) scales with the temperature of the maximum. Fig. 8 is a plot of the normalized susceptibility temperature product (χ * T/C) as a function of reduced temperature for representative values of |α| ranging from the isolated ferromagnetic chain to the isolated antiferromagnetic chain. In the regime where the antiferromagnetic interactions are stronger than the ferromagnetic interactions, χ * T is always less than C. In the complementary regime, as temperatures increases, χ * T always rises above the Curie constant and asymptotically settles back down to C at high temperatures (Fig. 9) . When the antiferromagnetic strength equals the ferromagnetic strength, the χ * T curve never exceeds C at any temperature. An experimental χ * T curve with a maximum indicates dominant ferromagnetic interactions.
It would be useful to have a fit function that characterizes all of the simulated data. Such a function can be compared to experimental susceptibility data of a sample suspected of fitting the model of a Heisenberg rectangular magnetic lattice. From the quality of fit, we can extract the pertinent parameters; α, J, and C. We have formulated the fit function for the Heisenberg antiferromagnetic rectangular model using a modified Padé rational approximation to Curie's law in powers of J/T. The function for the reduced susceptibility (χ * ) as a function of α and temperature for an antiferromagnetic Heisenberg rectangular antiferromagnet is For strong ferromagnetic interactions, the χT data will always have a maximum and it will be greater than C.
where N is the number of spins, g is the gyromagnetic ratio, µ β is the Bohr magneton and the coefficients are
We used this function to fit the surface of data provided by the whole set of simulation data taken for the AF/af rectangles. The fitting coefficients are given in table I. The solid lines in Fig. 3 were generated with this function.
The fit function also accurately fits the known extreme cases of the 1D antiferromagnetic chain (α = 0) and the 2D uniform square lattice (α = 1).
No equivalent fit function has been found that can characterize the simulated AF/fm or FM/af data.
Simulations of the magnetization as a function of applied field were also run using the ALPS dirloop code 14 . These simulations were compared to the high field magnetization data taken for Cu(pz)Cl 2 and Cu(pz)(N 3 ) 2 at temperatures of 0.4 K and 1.3 K respectively. Using the values of J found through susceptibility modeling, the simulations were run at a temperatures of T /J = 0.016 and a T /J = 0.083, respectively.
B. Rectangular systems
Cu(pz)Cl2
The synthesis and structure for Cu(pz)Cl 2 have been previously reported.
15 Cu(pz)Cl 2 crystallizes (Fig. 10 ) in the monoclinic space group C2/m and contains planar centrosymmetric Cu − X...Cu µ-bibridged chains along the c-axis that are linked together by −Cu − pz − Cu− units along the b-axis, forming a rectangular structure. We have previously measured the susceptibility of this compound and modeled it as an AF/af rectangle of α = 0.30 with parameters 13 J = 28 K and Curie constant(C) = 0.426.
Cu(pz)(N3)2
The synthesis, structure and magnetic susceptibility for Cu(pz)(N 3 ) 2 has been previously reported 8 . Cu(pz)(N 3 ) 2 crystallizes (Fig. 11) in the monoclinic space group C2 and consists of chains of Cu-pz units connected by end-on azido bridges. The previous study concluded that weak ferromagnetic interactions are mediated by the azido bridges while stronger antiferromagnetic interactions are mediated by the Cu-pz units.
Cu(2 − apm)Cl2
The synthesis and structure for Cu(2 − apm)Cl 2 has been previously reported 7 . The crystal structure (Fig.  12) consists of 4+2 coordinate Cu 2+ ions that are connected through two syn-anti 2-apm ligands as well as through bibridged chlorides through two short bonds and two long bonds. The authors 7 predicted that antiferromagnetic interactions should be mediated through both the 2-aminopyrimidine ligands and through the bibridged chlorides by analyzing the 2-apm/coordination plane dihedral angle but made no attempt to fit the susceptibility to a 2D QHAF model. It has been shown that the 3D ordering temperature, T n , of Cu(pz)(N 3 ) 2 is 2.8 K 19 .
[Cu(pz)(HCO2)](N O3)
The synthesis and structure for [Cu(pz)(HCO 2 )](N O 3 ) has been previously reported 6 . [Cu(pz)(HCO 2 )](N O 3 ) crystallizes (Fig. 13) in the orthorhombic space group Pnma and consists of fivecoordinate Cu 2+ ions that are connected through syn-anti bridging µ-HCO − 2 and µ-pz ligands.
The fifth coordination site is occupied by a terminal N O 3 group. Susceptibility data shows a maximum around 6.5K which indicates the presence of antiferromagnetic interactions. χT data also shows a maximum; as the sample is cooled the χT value rises before it falls rapidly towards 0 at low temperature. As discussed in Section III, this indicates a system with stronger ferromagnetic interactions and weaker antiferromagnetic interactions, the FM/af rectangle. The previous authors modeled the 2D spin lattice as an antiferromagnetic chain with a mean-field correction to account for interchain interactions. This apporach yielded an antiferromagnetic 
C. Magnetic Data
Cu(pz)Cl2
The magnetic behavior of Cu(pz)Cl 2 was initially reported by Hyde et 21 . The authors acknowledged that Cu(pz)Cl 2 mediates two orthogonal exchange pathways but that the lack of a 2D model prevented them from determining what the strength of the exchange is. They also note that the exchange strength through the bibridged chlorides must be significantly stronger than through the pyrazine bridges.
Subsequently, we 13 modeled the susceptibility data for Cu(pz)Cl 2 to the antiferromagnetic rectangle α = 0.30 simulation that was discussed above with J = 28 K, αJ = 8.2 K, and Curie constant(C) = 0.426. Cu(pz)Cl 2 is known 22 to undergo antiferromagnetic 3D ordering at 3.2 K. The 2D rectangular simulations ignore 3D interactions and are not appropriate in the 3D limit so the data were fit from 7.5 − 325 K which is a range of temperatures greater than twice the ordering temperature. The value of αJ = 8.2 K is identified as being mediated by the pyrazine bridges. This makes sense when we look back to a number of coordination compounds consisting of 2D layers of pyrazine that have been previously studied [23] [24] [25] by us as well as by others. The 2D square QHAF compounds [Cu(pz) Now that the simulations have been combined into a model for susceptibility data for general α it is prudent to refit the Cu(pz)Cl 2 data to check for consistency. Cu(pz)Cl 2 was fit to the 2D AF/af rectangular model (Eq.2) (Fig 14a) with parameters α = 0.259±.002, J = 28.46 ± 0.05 K, αJ = 7.37 ± 0.05 K, C = 0.418 ± .001 emu/mol · K, paramagnetic impurity = 1.57% ± 0.02% with a least square regression of R 2 = 0.9999. Again the fit was resolved over a temperature range of 7.5−325 K to stay well above the 3D ordering temperature. These results are consistent with the previously reported result 13 and provides evidence that Eq. 2 is valid.
As a magnetic field is applied to a spin system, there is a torque on the spins that tends to make them align along the field direction. If this field is large enough, then it is possible to align all the spins, reaching a maximum net magnetization. This field is called the saturation field, or H SAT . H SAT has an associated magnetic energy commensurate to the sum of all the magnetic exchange energies in the lattice 26 , as overcoming all the neighboring exchange strengths of each spin will allow all the spins to point freely in the direction of the field. For a rectangular system, every spin must gain enough energy to overcome two J components and two J ′ components and thus where k β is the Boltzmann's constant. This equation affords us an alternate way with which to determine the exchange strengths of an antiferromagnet. High field magnetization data taken at 460mK for Cu(pz)Cl 2 ( Figure 15 , in units of the saturation field and magnetization) show a curve of steadily increasing slope up until a critical field where the slope of the curve dramatically flattens out. H SAT is observed at 50.6 T. A Monte Carlo simulation is superimposed on the data at a T /J = 460mK/28.46K = 0.016 with α = 0.258. The simulation undershoots the experimental curve from H/H SAT of 0.3 up until about 0.9. We believe this discrepancy to be due to a significant background that can not be properly accounted for. More importantly, the simulated H SAT meets the experimental H SAT at an H = 2.53J, very close to the T=0 H/J = 2.516 calculated using equation 4. Plugging into equation 4 the values α = 0.258, J = 28.46 K, as well as the previously reported 13 g ave = 2.128, the T=0 H SAT = 50.2 Tesla is estimated, in excellent agreement with the experimental value.
Cu(pz)(N3)2
The susceptibility data for Cu(pz)(N 3 ) 2 were previously fit 8 to an S = 1/2 1D Heisenberg chain model with a mean field correction to account for the 2D interactions yielding an exchange energy J = 6.69 K and J ′ = -0.21 K. The authors 8 comment that for complexes with double end on azido bridging µ 1,1 − N 3 , it has been proposed that for Cu-N-Cu angle values smaller than 105
• , the coupling should be ferromagnetic 27 . Even though the angle is 99
• for Cu(pz)(N 3 ) 2 , an AF/fm model does not fit the data well at all. However, an AF/af rectangle model fits the susceptibility data very well (Fig. 14a) . Since T n = 2.8, the data was fit above 2T n = 5.6K with pa- High field magnetization data for Cu(pz)(N 3 ) 2 at 1.3 K ( figure 16 ) produce a curve of increasing slope up until around 26 Tesla where the curve starts to flatten out horizontally. At 32 Tesla the curve turns over and has almost reached magnetic saturation. The y-axis for the data was measured as a voltage, uncalibrated to emu/mol. This data was calibrated by comparison to 0-5 Tesla magnetization data taken on Clark University's SQUID magnetometer, where the y-axis is calibrated to emu/mol. At 32 Tesla the magnetization has a reading of 6280 emu/mol, corresponding to a g-factor of 2.26. The saturation value of a mol of spins with a g-factor of 2.14 (as is the case for this compound 8 ) is 5975 emu/mol. We can not account for this curious discrepancy.
A Monte Carlo simulation is superimposed on the data at a T/J = 1.3 K/15.1K = 0.083 with α = 0.46. The simulation was scaled up to the units of the experimental data for comparison as the experimental data could not be scaled down to dimensionless units due to the fact that saturation was not reached. The parameters for the simulation are in excellent agreement with the data, giving two independent measures of the exchange parameters of the system. The fact that magnetic saturation has not been reached by 32 Tesla shows that the previously reported values for the antiferromagnetic exchange interactions(6.69K and -0.21 K) can not be correct as these values estimate an H SAT = 10.1 Tesla based on Eq. 4, clearly inconsistent with the data. We ignore the J ′ term in Eq. 4 as a ferromagnetic interaction would not influence the saturation field. Using our exchange parameters of J = 15.1 K and αJ = 6.95 K and Eq. 4 we calculate an H SAT = 32.3 Tesla, consistent with our high field magnetization data.
3. Cu(2 − apm)Cl2 Figure 14b shows the susceptibility as a function of temperature for Cu(2 − apm)Cl 2 . The temperature of the maximum occurs at about 70 K while the value of the maximum is an order of magnitude smaller than in the cases of Cu(pz)Cl 2 and Cu(pz)(N 3 ) 2 , indicating very strong antiferromagnetic interactions. The susceptibility data for Cu(2 − apm)Cl 2 were fit (Fig. 14b) to a 2D QHAF rectangular model (Eq. 2) with parameters α = 0.084 ± 0.002, J = 116.3 ± 0.2 K, C = 0.448 ± .001 emu/mol, and paramagnetic impurity = 2.85 ± .05% and a least squares regression of R 2 = 0.99921. A kink in the data can be seen near 10 K. It is likely that the material 3D orders near this temperature and thus the susceptibility was only modeled over the range 20-150 K.
There have been many studies 13,28,29 done on substituted-pyrazine compounds where bibridging chloride groups mediate antiferromagnetic exchanges between adjacent copper atoms. For the six compounds studied, the strengths of the antiferromagnetic exchanges through the bibridged chlorides range from 23.7-28 K. It is hard to believe that either the weaker(αJ = 9.7 K) or stronger exchange(J = 116.3 K) in Cu(2 − apm)Cl 2 is mediated by the bibridged chlorides. To our knowledege, nothing in the literature refers to structures with bridging 2-apm ligands. At the moment, there is not enough information to even make a reasonable guess as to which pathway mediates the stronger exchange interaction. (Fig 17) show a maximum value of 0.0448 emu/mol at 6.5 K before asymptotically heading to the value of 0.036 emu/mol at 1.8 K, consistent with the published 6 maximum value of 0.0438 emu/mol at 6.6 K and low temperature value of 0.033 emu/mol at 2 K. The χT data reach a broad maximum near 26 K before heading towards zero at low temperatures. The susceptibility simulations for the FM/af rectangles are the only simulations to show a maximum in the χT data, therefore we fit the susceptibility to a FM/af model. For Cu(pz)(HCO 2 )(N O 3 ) the ratio of the temperatures of the maximums of χ and χT is Figure  7 . The ordering temperature has been shown to be T n = 3.66 K 30 and thus the simulations are only valid above that temperature. Data were fit between 7.4 K and 150 K to ensure that the simulation didn't attempt to model any part of the 3D ordered phase. χT data were also modeled using the product of the simulated susceptibilities and reduced temperature. This technique affords us a unique and alternate way to fit FM/af rectangles. The parameters yielded for both fits should be equal to each other.
This estimate of the relative exchange strengths (given above) of α = −0.35 for [Cu(pz)(HCO 2 )](N O 3 ) is very good as the fitting parameters for χ and χT are extremely close to each other (see below and Table  II) . Attempts to fit the data at surrounding α values (α = −0.30, −0.40) result in largely incommensurate fit parameters (Table II) . Figure 17 
IV. CONCLUSIONS
We have investigated several 2D QHAF rectangular molecular magnets ([Cu(2 − apm)Cl 2 ], [Cu(pz)(N 3 ) 2 ] and [Cu(pz)Cl 2 ]) through susceptibility and high field magnetization measurements. A 2D rectangular QHAF model has been found through a combination of simulations as well as theoretical techniques and is shown to be consistent with experiment. It has also been demonstrated that a real mixed exchange FM/af lattice exists ([Cu(pz)(HCO 2 )](N O 3 )) and that susceptibility simulations successfully model it.
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